Abstract. In this paper, we give the Alzer inequality for Hilbert space operators as follows:
Introduction and preliminaries
Let x 1 , · · · , x n ∈ (0, 1 2 ] and λ 1 , · · · , λ n > 0 with n j=1 λ j = 1. We denote by A n and G n , the arithmetic and geometric means of x 1 , · · · , x n respectively, i.e (1 − x j ) λj .
Alzer proved the following inequality and its refinement [1, 2] (1.1) A ′ n − G ′ n ≤ A n − G n . Throughout the paper, let B(H) denote the algebra of all bounded linear operators acting on a complex Hilbert space (H, ·, · ) and I is the identity operator. In the case when dim H = n, we identify B(H) with the full matrix algebra M n (C) of all n × n matrices with entries in the complex field and denote its identity by I n . A selfadjoint operator A ∈ B(H) is called positive (strictly positive) if Ax, x ≥ 0 ( Ax, x > 0) holds for every x ∈ H and then we write A ≥ 0 (A > 0) [6, 8] . For every selfadjoint operators A, B ∈ B(H), we say A ≤ B if B − A ≥ 0. Let f be a continuous real valued function defined on an interval [α, β] . The function f is called operator decreasing if B ≤ A implies f (A) ≤ f (B) for all A, B with spectra in [α, β] . A function f is said to be operator concave on [α, β] if
for any selfadjoint operators A, B ∈ B(H) with spectra in [α, β] and all λ ∈ [0, 1].
The main result of this paper is the following theorem:
Theorem (Alzer Inequality). Suppose that A, B ∈ B(H) are commuting operators such that 0 < A ≤ B ≤ 
Main results
In this section, we state an identity between arithmetic and geometric mean for positive operators and then we consequent the Alzer inequality.
We recall that, the weighted arithmetic mean ∇ λ and the weighted geometric mean (the λ-power mean) ♯ λ defined for 0 < λ < 1:
Also, we know that A ♯ λ B = B ♯ 1−λ A and if AB = BA then A♯ λ B = A 1−λ B λ . Notice that if λ = 1 2 in above definitions, we have the classic arithmetic and geometric means and denote its as follows:
Also, we know that
In the following theorem, we state distance between the arithmetic mean and the geometric mean as an infinite series. < 1 and λ ∈ (0, 1). Then we have
Proof. By using the binomial series, we have
Now, by multiplying each side (2.2) by B 1 2 , we get 
In the following theorem we state the Alzer inequality for two commuting positive operator in B(H). 
Proof. It is clear that 0
, and (2.5)
On the other hand, since 0 < λ ≤ 1 2 and (−1)
k−1 α k > 0 for all 0 < α < 1 and k ≥ 2, we get (−1)
2 , which completes the proof.
Corollary 2.4. With the above notations, we have
Proof. Sufficient in the Theorem 2.3 we set λ = 1 2 and use of this fact that A∇B = B∇A and A♯B = B♯A.
Open problem
In this section, we present an extension of Alzer inequality for Hilbert space operators as an open problem. For this purpose, first, we express some fundamental properties of the geometric mean. For to see many details c.f. [3, 4, 9, 11] .
The geometric mean G 2 := G 2 (A, B) of two positive operators A and B was introduced as the solution of the matrix optimization problem, [3] (3.1)
This operator mean can be also characterized as the strong limit of the arithmeticharmonic sequence {Φ n (A, B)} defined by [5, 7] (3.2)
We know that, the explicit form of G 2 (A, B) is given by
M. Raïssouli, F. Leazizi and M. Chergui in [11] described an extended algorithm of (3.2) involving several positive operators. The main idea of such an extension comes from the fact that the arithmetic, harmonic and geometric means of m positive real numbers a 1 , a 2 , · · · , a m can be written recursively as follows
The extensions of (3.4) and (3.5) when the scalers variable a 1 , a 2 , · · · , a m are positive operators can be immediately given, by setting A −1 = lim ǫ↓0 (A + ǫI) −1 . We know that the power geometric mean of two positive operators A and B defined by Assume that A 1 , · · · , A m ∈ B(H) (m ≥ 2) are m positive operators. In this section we introduce the geometric mean of A 1 , · · · , A m . By using the algorithm (3.2), we define the recursive sequence {T n } := {T n (A, B)}, where A, B ∈ B(H) are two positive operators, as follows (3.8)
In what follows, for simplicity we write {T n } instead of {T n (A, B)} and we set
In the following theorem Raïssouli, Leazizi and Chergui [11] proved the convergence of the operator sequence {T n }.
Theorem 3.1. With the above assumptions, the sequence {T n } := {T n (A, B)} converges decreasingly in B(H), with the limit
Further, the next estimation holds In the same paper, we see the definition of geometric operator mean of A 1 , · · · , A m as follows. 
It is easy to verify that, if A 1 , · · · , A m are commuting, then
In particular, for all positive operators A ∈ B(H) we have G m (A, A, · · · , A) = A and G m (I, I, · · · , A, I, · · · , I) = A 1 m . Also, we know that (A, B) → G 2 (A, B) is symmetric, but G m is not symmetric for m ≥ 3, for more details see [11, Example 2.3] .
The geometric operator mean G m (A 1 , A 2 , · · · , A m ) has nice properties that for seeing more details c.f. [11] .
Open Problem. Let A 1 , · · · , A n be n selfadjoint operators on an Hilbert space H such that 0 < A j ≤ 1 2 I, where I is identity operator on H [6, 8] . Also, let A n := A n (A 1 , · · · , A n ) and G n := G n (A 1 , · · · , A n ) be arithmetic and geometric means of A 1 , · · · , A n [11] , and A 
